It was conjectured that for each simple graph G = (V , E) with n = |V (G)| vertices and m = |E(G)| edges, it holds M 2 (G)/m ≥ M 1 (G)/n, where M 1 and M 2 are the first and second Zagreb indices. Hansen and Vukičević proved that it is true for all chemical graphs and does not hold in general. Also the conjecture was proved for all trees, unicyclic graphs, and all bicyclic graphs except one class. In this paper, we show that for every positive integer k, there exists a connected graph such that m − n = k and the conjecture does not hold. Moreover, by introducing some transformations, we show that M 2 /(m − 1) > M 1 /n for all bicyclic graphs and it does not hold for general graphs. Using these transformations we give new and shorter proofs of some known results.
Introduction
Let G = (V , E) be a simple graph with |V (G)| = n vertices and |E(G)| = m edges. For a vertex u ∈ V (G), the degree of u and the average of the degrees of the vertices adjacent to u are denoted by d G (u) and µ G (u), respectively. A pendant vertex is a vertex of degree one. Denote, as usual, by P n , K 1, n−1 and C n the path, star and cycle with n vertices, respectively.
The first Zagreb index M 1 and the second Zagreb M 2 of graph G (see [4, 5, 8, 11, 16] and the references therein) are among the oldest and the most famous topological indices and they are defined as:
The AutoGraphiX system [1] [2] [3] proposed the following conjecture: Conjecture 1.1. For all simple connected graphs G,
with equality for complete graphs, among others.
In [6] , Hansen and Vukičević proved that it is true for all chemical graphs and does not hold for general graphs. Vukičević and Graovac proved that (1) holds for all trees [12] , and gave a counterexample for bicyclic graphs [15] . By using the similar method in [6] , Sun and Chen showed that (1) holds for graphs with small difference between the maximum and minimum vertex degrees [10] . Also it was proved for all unicyclic graphs [15] and for all bicyclic graphs except one class [9] , and generalizations of this claim to the variable Zagreb indices were analyzed in [7, [13] [14] [15] .
In this paper, we show that for every positive integer k there exists a connected simple graph G with n vertices and m edges, such that m − n = k and M 2 (G)/m < M 1 (G)/n (if k = −1 and k = 0 then G is a tree and a unicyclic graph, respectively). Moreover, by introducing some transformations, we show that M 2 /(m − 1) > M 1 /n for all bicyclic graphs and it does not hold for general graphs. Similarly we show that (1) holds for all trees, unicyclic graphs, and all bicyclic graphs except one class.
Main results
Let G be a connected graph. Let x be a vertex in G such that α(x) ≥ 1, where α(x) is the number of pendant vertices adjacent to x. Also let u and v be two adjacent vertices in G. If x 1 , x 2 , . . . , x k are some pendant vertices adjacent to vertex x, then we transform G into another graph G as follows:
Otherwise this value is always greater than zero for each vertex of a connected graph G. We now denote (
(
Proof. Let x 1 , x 2 , . . . , x k be some pendant vertices in G, which are adjacent to a vertex x. We transform G into another graph G as in (2) .
and
From (5) and (6), we get
. By the definition of P x , we have k = α(x). Therefore from (7), we get (3).
Therefore from (7), we get (4).
Let u and v be two adjacent vertices in a connected graph G.
Then it is called a pendant path in G and vertex x is called the origin of it. We transform G into another graph G as follows:
This transformation is denoted by R x .
Lemma 2.2. Let u and v be two adjacent vertices of degrees greater than one in a connected graph G. Let x be a vertex in G such
that µ G (x) ≥ 2. If xx 1 x 2 · · · x k
is any pendant path and its each vertex is different from u and v, then
From (10) and (11), we get (12), we get the inequality (9) because we have Suppose that x is different from u and v, then from (5) and (6), we get
Lemma 2.3. Let u and v be two adjacent vertices of degrees greater than one in a connected graph G. If x is a vertex in G such
Clearly G is different from
Hence from (14), we get (13). Now suppose that vertex x is either u or v. Let x = u, then we have
Combining (15) and (16), we get
Since x and v are adjacent vertices in G,
Therefore from (17), we get (13).
Lemma 2.4 ([9]). Let G be a bicyclic graph with n vertices and without pendant vertices. Then the inequality in (1) holds with equality if and only if G is isomorphic to the complete bipartite graph K
The inequality in (1) does not hold for some bicyclic graphs, so consider the inequality M 2 (G)/(m − 1) > M 1 (G)/n. We now show that it holds for all bicyclic graphs and does not hold in general.
Theorem 2.5. Let G be a bicyclic graph with n vertices and m edges. Then
Proof. Let first G be a bicyclic graph without pendant vertices, then from Lemma 2.4, one can easily see that the inequality holds in (18). Otherwise, we choose two adjacent vertices u and v in a cycle of G. Let {x 1 , x 2 , . . . x r } be the set of all vertices in G, such that each x i is adjacent to at least one pendant vertex in G. Apply the transformation P x 1 to G. Then by Lemma 2.3, we
Again we choose two adjacent vertex in a cycle of P x 1 (G) and apply the transformation P x 2 to P x 1 (G). Then also we have
Repeating the same transformation, we arrive at a graph P x r (. . (G 1 )) . . .), denote it by G 2 . Then similarly to the above, we get
Denote by G q , the graph obtained by repeating the above described procedure q times. The value of M 2 − M 1 is nonincreased by these transformations, therefore we have the following sequence
where G p is a graph without pendant vertices. Since m = n + 1 and
we get the inequality in (18).
The inequality in (18) is not true for all simple connected graphs. Let G be a graph with n vertices in Fig. 1 . Then m = n+5,
Now we give an alternative proof of the following theorems.
Theorem 2.6 ([12]). Let T be a tree with n vertices. Then the inequality in (1) holds with equality if and only if T is isomorphic to K
2 , therefore the equality holds in (1).
Let now T be different from K 1, n−1 , then n > 3 and there are two adjacent vertices u and v of degree greater than one. Then by using the same technique in Theorem 2.5, we arrive at P n . Therefore, we have
Also, it is well known that P n has the smallest first Zagreb index among all trees with n vertices. Hence in this case, we have
Theorem 2.7 ([15]). Let G be a unicyclic graph with n vertices. Then the inequality in (1) holds with equality if and only if G is isomorphic to C n .
Proof. If G is isomorphic to C n then M 1 (G) = 4n and M 2 (G) = 4n, therefore the equality holds in (1).
Let now G be different from C n , then we choose two adjacent vertices in the cycle C and by using the same technique in Theorem 2.5, we arrive at C n . Therefore, we have 
Proof. If
Otherwise, we choose two adjacent vertices u and v in a cycle of G. Let V 2 (G) = {x 1 , x 2 , . . . x r }. Apply the transformation Q x 1 to G. Then by Lemma 2.1(ii), we have h(G) > h(Q x 1 (G)). Again we choose two adjacent vertex in a cycle of Q x 1 (G) and apply the transformation Q x 2 to Q x 1 (G). Then also we have h(Q x 1 (G)) > h(Q x 2 (Q x 1 (G))). Repeating the same transformation, we arrive at a graph Q x r (. . . (Q x 1 (G) ) . . .), denote it by G 1 . Then 
Proof. It is clear that for every positive integer k there exists a simple connected graph G with n vertices and m such that m − n = k. For example, let T be a tree with n vertices, where n is sufficiently large for k. Then by adding k + 1 edges to T , we obtain a graph G with n vertices and n + k edges. We consider a graph G with m − n = k. Let v be any vertex in G . Denote
Clearly, A and B are constant because G is given.
Let l be a natural number greater than (B + √ B 2 + 4kA)/(2k). Construct now a new graph G from G , a pendant vertex of K 1, l−1 join with vertex v, by an edge. Then n = n + l and m = m + l. Also we have 
